This model presents a significant model for analyzing the effect of deteriorating items and promotional effort in fuzzy optimal instantaneous replenishment model for finite planning horizon. Accounting for holding cost per unit per unit time and ordering cost per order have traditionally been the case of modeling inventory systems in fuzzy environment. These imprecise parameters defined on a bounded interval on the axis of real numbers and the physical characteristics of stocked items dictate the nature of inventory policies implemented to manage and control in the production system. Methods: This model postulates the promotional effort cost to frame total inventory cost. Thus a modified fuzzy EOQ (FEOQ) model with promotional effort factor is introduced, it assumes that a percentage of the on-hand inventory is wasted due to deterioration and considered as an enhancement to EOQ model to determine the optimal promotional effort and the replenishment quantity so that the net profit is maximized. In theoretical analysis, the necessary and sufficient conditions of the existence and uniqueness of the optimal solutions are proved and further the concavity of the fuzzy net profit function is established. Computational algorithm using the software LINGO 13.0 version is developed to find the optimal solution.
INTRODUCTION
In the whole production system production function is the mid between the procurement function and physical distribution function. Other two functions are not processing in terms of production only they are facilitating for the smooth functioning and cost effecting of the production system in competitive advantage but production function processes to produce the finished products. So inventory plays a significant role in smooth functioning of the production function in a supply chain management. The physical characteristics of stocked items dictate the nature of inventory policies implemented to manage and control in production system. The question is how reliable are the EOQ models when items stocked deteriorate one time.
Many models have been proposed to deal with a variety of inventory problems. Comprehensive reviews of inventory models can be found in Gupta and Gerchak [1995] , Osteryoung et al. [1986] and Water [1994] and Tripathy et al. [2013] introduced a single item EOQ model with two constraints. This model considers a continuous review, using fuzzy arithmetic approach to the system cost for instantaneous production process. In traditional inventory models it has been common to apply fuzzy on demand rate, production rate and deterioration rate, whereas applying fuzzy arithmetic in system cost usually ignored in Salameh et al. [1999] . From practical experience, it has been found that uncertainty occurs not only due to lack of information but also as a result of ambiguity concerning the description of the semantic meaning of declaration of statements relating to an economic world. The fuzzy set theory was developed on the basis of non-random uncertainties. Vujosevic et al. [1996] introduced the EOQ model where inventory system cost is fuzzy. Mahata and Goswami [2006] then presented production lot size model with fuzzy production rate and fuzzy demand rate for deteriorating items where permissible delay in payments are allowed. presented an optimal inventory policy with reliability consideration and instantaneous receipt under imperfect production process. Later, Pattnaik [2009, 2011] also investigated fuzzy EOQ model with reliability consideration in instantaneous production plan. Again Pattnaik [2008, 2011] developed fuzzy entropic order quantity model for perishable items under two component demand and discounted selling price, where entropic means the amount of the disorder in the production system. discussed the fuzzy EOQ model with demand dependent unit price and variable setup cost, investigated the fuzzy method for supplier selection in manufacturing system for smooth function of supply chain management and manpower selection for micro, small and medium enterprises respectively. For this reason, this model considers the same by introducing the holding cost and ordering cost as with allowing promotion and wasting the percentage of the fuzzy numbers. developed linear programming problem and post optimality analyses in fuzzy space with case study applications. defined linear programming problems with crisp and fuzzy based optimization methods and sensitivity analyses have also evaluated for decision parameters. derived profit maximization fuzzy EOQ models for deteriorating items with two dimension sensitive demand. The model provides an approach for quantifying the benefits of nonrandom uncertainty which can be substantial, and should be reflected in fuzzy arithmetic system cost.
Product perishability is an important aspect of inventory control. Deterioration in general, may be considered as the result of various effects on stock, some of which are damage, decay, decreasing usefulness and many more. While kept in store fruits, vegetables, food stuffs etc. suffer from depletion by decent spoilage. Decaying products are of two types. Product which deteriorate from the very beginning and the products which start to deteriorate after a certain time. Lot of articles is available in inventory literature considering deterioration. Interested readers may consult the survey model of investigated an entropic order quantity model for perishable items with pre and post deterioration discounts under two component demand in finite horizon. discussed an economic order quantity model for perishable items with constant demand where instant deterioration discount is allowed to obtain maximum profit. Goyal and Gunasekaran [1995] and Raafat [1991] surveyed for perishable items to optimize the EOQ model. The EOQ inventory control model was introduced in the earliest decades of this century and is still widely accepted by many industries today. Pattnaik [2008, 2011] studied profit maximization entropic order quantity model for deteriorated items with stock dependent demand where discounts are allowed for acquiring more profit. derived different types of typical deterministic EOQ models in crisp and fuzzy decision space.
Comprehensive reviews of inventory models under deterioration can be found in Bose et al. [1995] . In previous deterministic inventory models, many are developed under the assumption that demand is either constant or stock dependent for deteriorated items. Jain and Silver [1994] developed a stochastic dynamic programming model presented for determining the optimal ordering policy for a perishable or potentially obsolete product so as to satisfy known time-varying demand over a specified planning horizon. They assumed a random lifetime perishability, where, at the end of each discrete period, the total remaining inventory either becomes worthless or remains usable for at least the next period. Gupta and Gerchak [1995] examined the simultaneous selection product durability and order quantity for items that deteriorate over time. Their choice of product durability is modeled as the values of a single design parameter that effects the distribution of the time-to-onset of deterioration (TOD) and analyzed two scenarios; the first considers TOD as a constant and the store manager may choose an appropriate value, while the second assumes that TOD is a random variable. Hariga [1995] considered the effects of inflation and the time-value of money with the assumption of two inflation rates rather than one, i.e. the internal (company) inflation rate and the external (general economy) inflation rate. Hariga [1994] argued that the analysis of Bose et al. [1995] contained mathematical errors for which he proposed the correct theory for the problem supplied with numerical examples. Padmanavan and Vrat [1995] presented an EOQ inventory model for perishable items with a stock dependent selling rate. They assumed that the selling rate is a function of the current inventory level and the rate of deterioration is taken to be constant. The most recent work found in the literature is that of Hariga [1996] who extended his earlier work by assuming a time-varying demand over a finite planning horizon. Goyal et al. [2001] and Shah [2000] explored the inventory models for deteriorating items. Pattnaik [2010 studied profit maximization entropic order quantity model for deteriorated items with stock dependent demand where instant deterioration and post deterioration cash discounts respectively are allowed for acquiring more profit. developed an entropic order quantity model for deteriorating items where cash discounts are allowed but modified again to obtain the decision parameters for perishable items where instant deterioration discount is allowed in EOQ model. introduced a non linear profit maximization entropic order quantity model for deteriorating items with stock dependent demand rate. Salameh et al. [1999] studied an EOQ inventory model in which it assumes that the percentage of on-hand inventory wasted due to deterioration is a key feature of the inventory conditions which govern the item stocked. The effect of deteriorating items on the instantaneous profit maximization replenishment model under promotion is considered in this model. The market demand may increase with the promotion of the product over time when the units lost due to deterioration. In the existing literature about promotion it is assumed that the promotional effort cost is a function of promotion. Tripathy et al. [2012] investigated an optimal EOQ model for deteriorating items with promotional effort cost. explored the effect of promotion in fuzzy optimal replenishment model with units lost due to deterioration. Hence developed many instantaneous EOQ models and fuzzy EOQ models which are incorporated with promotional effort cost, fixed ordering cost, variable ordering cost and units lost due to deterioration. This model introduces a modified fuzzy EOQ model in which it assumes that a percentage of the on-hand inventory is wasted due to deterioration. There is hidden cost not account for when modeling inventory cost. This model studies the problem of promotion for a deteriorating item subject to loss of these deteriorated units. This model postulates that measuring the behavior of production systems may be achievable by incorporating the idea of retailer in making optimum decision on replenishment with wasting the percentage of on-hand inventory due to deterioration and then compares the optimal results with none wasting the percentage of on-hand inventory due to deterioration traditional model. This model addresses the problem by proposing an inventory model under promotion by assuming that the units lost due to deterioration of the items. In this model, promotional effort and replenishment decision are adjusted arbitrarily upward or downward for profit maximization model in response to the change in market demand within the planning horizon. The objective of this model is to determine the optimal time length, optimal units lost due to deterioration, the promotional effort and the replenishment quantity with fixed ordering cost so that the net profit is maximized in an instantaneous replenishment fuzzy EOQ model and the numerical analysis show that an appropriate promotion policy can benefit the retailer and that promotion policy is important in fuzzy space, especially for deteriorating items. Finally, sensitivity analyses of the optimal solution with respect to the major parameters are also studied to draw the managerial insights. Furthermore crisp decision making is shown to be superior to crisp decision making without promotional effort cost in terms of profit maximization.
This model establishes and analyzes the fuzzy inventory model under profit maximization which extends the classical economic order quantity (EOQ) model. An efficient EOQ does more than just reduce cost. It also creates revenue for the retailer and the manufacturer. The evolution of the EOQ model concept tends toward revenue and demand focused strategic formation and decision making in business operations. Evidence can be found in the increasingly prosperous revenue and yield management practices and the continuous shift away from supply-side cost control to demand-side revenue stimulus.
In recent years, companies have started to recognize that a tradeoff exists between product varieties in terms of quality, promotion of the product for running in the market smoothly. In the absence of a proper quantitative model to measure the effect of product quality and promotion of the product, these companies have mainly relied on qualitative judgment. The model tackles to investigate the effect of the wasting the percentage of on-hand inventory due to deterioration and the promotional effect cost for obtaining the optimum average payoff and the optimal values of the policy variables. The problem consists of the optimization of fuzzy EOQ model, taking into account the conflicting payoffs of the different decision makers involved in the process. A policy iteration algorithm is designed and optimum solution is obtained through LINGO 13.0 version software. In order to make the comparisons equitable a particular evaluation function based on promotion is suggested. This model postulates that measuring the behavior of production systems may be achievable by incorporating the idea of retailer promotional effort in making optimum decision on promotion and replenishment with units lost due to deterioration. Numerical experiment is carried out to analyze the magnitude of the approximation error. However, adding of both promotional effort and wasting the percentage of on-hand inventory due to deterioration in fuzzy model might lead to super gain for the retailer. The major assumptions used in the above research articles are summarized in Table1.
The remainder of the model is organized as follows. In section 2 notations and assumptions are provided for the development of the model. The mathematical formulation is developed in section 3. Section 4 develops the fuzzy model. In section 5, the solution procedure is given. In section 6, an illustrative numerical analysis is given to illustrate the procedure of solving the proposed model. The sensitivity analysis is carried out in section 7 to observe the changes in the optimal solution. Finally section 8 deals with the summary and concluding remark of the FEOQ model. 
MATHEMATICAL MODEL
Denote ϕ(t) as the on-hand inventory level at time t. During a change in time from point t to t+dt, where t + dt > t, the on-hand inventory drops from ϕ(t) to ϕ(t+dt). Then ϕ(t+dt) is given as:
can be re-written as:
and dt → 0, ϕ( ) ϕ( ) reduces to:
It is a differential equation, solution is Pattnaik M., 2017, Optimization in Fuzzy Economic Order Quantity (FEOQ) Model with Promotional Effort Cost and Units Lost Due to Deterioration. LogForum 13 (1), 61-76. http://dx.doi.org/10.17270/J.LOG.2017.1.6 66 Where q is the order quantity which is instantaneously replenished at the beginning of each cycle of length tc units of time. The stock is replenished by q units each time these units are totally depleted as a result of outside demand and deterioration. Behavior of the inventory level for the above model is illustrated in Fig. 1 . The cycle length, tc, is determined by first substituting tc into ϕ(t) and then setting it equal to zero to get: . The total profit per cycle is π1(q,ρ).
Where L, the number of units lost per cycle due to deterioration, and TC (q,ρ) the total cost per cycle, are calculated from equations L and TC(q,ρ), respectively. The average profit π(q,ρ) per unit time is obtained by dividing tc in π1(q,ρ). Hence the profit maximization problem is
FUZZY MATHEMATICAL MODEL
The holding cost and ordering cost are replaced by fuzzy numbers h and respectively. By expressing h and as the normal triangular fuzzy numbers (h1, h0, h2) and (K1, K0, K2) , where, h1=h-1 ∆ , ho = h, Gahan P., Pattnaik M., 2017, Optimization in Fuzzy Economic Order Quantity (FEOQ) 
Then the centroid for h and are given by 
For fixed values of q and ρ, let By extension principle the membership function of the fuzzy profit function is given by Deterioration. LogForum 13 (1), 61-76. http://dx.doi.org/10.17270/J.LOG.2017.1.6 68 Therefore, 
, Optimization in Fuzzy Economic Order Quantity (FEOQ) Model with Promotional Effort Cost and Units Lost Due to
value of " PP may be found by solving the following equation:
Thus the membership function for fuzzy total profit is given by 
OPTIMIZATION
The objective is to determine the optimal values of q and ρ to maximize the unit profit function. It is very difficult to derive the optimal values of q and ρ, hence unit profit function. There are several methods to cope with constraints optimization problem numerically. But here LINGO 13.0 software is used to derive the optimal values of the decision variables.
The fuzzy optimal ordering quantity q and fuzzy promotional effort ρ per cycle can be determined by differentiating 1 ( , ) q π ρ % with respect to q and ρ separately, then setting these to zero.
In order to show the uniqueness of the solution in, it is sufficient to show that the net profit function throughout the cycle is jointly concave in terms of fuzzy ordering quantity q and fuzzy promotional effort ρ. The second partial derivates of 1 ( , ) The second order partial derivative of the net profit per cycle with respect to q can be expressed as
Since rρ> 0 and R S + (ℎ + U ) K 0,
Proposition 2 The net profit (q, ρ) per cycle is concave in ρ. Effort Cost and Units Lost Due to Deterioration. LogForum 13 (1), 61-76. http://dx.doi.org/10.17270/J.LOG.2017.1.6 69 Conditions for optimal ρ
The second order partial derivative of the net profit per cycle with respect to ρ is
Propositions 1 and 2 show that the second partial derivatives of 1 ( , ) q π ρ % with respect to q and ρ separately are strictly negative. The next step is to check that the determinant of the Hessian matrix is positive, i.e. Table  2 . The results indicate that the fuzzy total profit per unit is decreased as the percentage of on-hand inventory that is lost due to deterioration is increased as shown in Fig. 4 . The three-dimensional mesh diagram of order quantity, promotional effort factor and the net profit per unit per cycle is shown in Fig. 6 . Gahan P., Pattnaik M., 2017, Optimization in Fuzzy Economic Order Quantity (FEOQ) 
COMPARATIVE ANALYSIS
From Table 3 , it can be found that the retailer always includes the promotional effort cost and wastes the percentage of on-hand inventory due to deterioration in FEOQ model for obtaining the maximum net profit with less time consumption.
SENSITIVITY ANALYSIS
It is interesting to investigate the influence of on retailer behavior. The computational results shown in Table 4 indicates the following managerial phenomena: when the percentage of on hand inventory that is lost due to deterioration increases, the optimal replenishment cycle length, the replenishment quantity, the optimal total number of units lost per cycle, the optimal promotional effort and the optimal promotional effort cost will decrease but the optimal total profit per unit of time will be highly sensitive in nature respectively. So the percentage of loss due to deterioration reasons more sensitive to the other parameters. Fig. 6 is the sensitivity plotting of order quantity q, promotional effort factor and fuzzy net profit per cycle n Q o (l, m) * .
Gahan P., Pattnaik M., 2017, Optimization in Fuzzy Economic Order Quantity (FEOQ) Model with Promotional Effort Cost and Units Lost Due to Deterioration. LogForum 13 (1), 61-76. http://dx.doi.org/10.17270/J.LOG.2017.1.6 71 It is interesting to investigate the influence of the major parameters K, h, r, c, R S , r, s/5 on retailer's behavior. The computational results shown in Table 5 indicate the following managerial phenomena in fuzzy EOQ model:
− ' ( the replenishment cycle length, L units lost due to deterioration, q the optimal replenishment quantity, the promotional effort factor, PE promotional effort cost, the optimal net profit per unit per cycle Gahan P., Pattnaik M., 2017, Optimization in Fuzzy Economic Order Quantity (FEOQ) Model with Promotional Effort Cost and Units Lost Due to Deterioration. LogForum 13 (1), 61-76. http://dx.doi.org/10.17270/J.LOG.2017.1.6 72 and the optimal average profit per unit per cycle are insensitive to the parameter K. − ' ( the replenishment cycle length, L units lost due to deterioration, q the optimal replenishment quantity, the promotional effort factor, PE promotional effort cost, the optimal net profit per unit per cycle and the optimal average profit per unit per cycle are sensitive to the parameter h. − L units lost due to deterioration, q the optimal replenishment quantity, PE promotional effort cost, the optimal net profit per unit per cycle and the optimal average profit per unit per cycle are sensitive to the parameter r but ' ( the replenishment cycle length and the promotional effort factor is insensitive to the parameter r. − ' ( the replenishment cycle length, L units lost due to deterioration, q the optimal replenishment quantity, the promotional effort factor, PE promotional effort cost, the optimal net profit per unit per cycle and the optimal average profit per unit per cycle are sensitive to the parameter c. − ' ( the replenishment cycle length, L units lost due to deterioration, q the optimal replenishment quantity, the promotional effort factor, PE promotional effort cost, the optimal net profit per unit per cycle and the optimal average profit per unit per cycle are sensitive to the parameter R S . − L units lost due to deterioration, q the optimal replenishment quantity, the promotional effort factor, PE promotional effort cost, the optimal net profit per unit per cycle and the optimal average profit per unit per cycle are sensitive to the parameter but ' ( the replenishment cycle length is insensitive to the parameter . − L units lost due to deterioration, q the optimal replenishment quantity, the promotional effort factor, PE promotional effort cost, the optimal net profit per unit per cycle and the optimal average profit per unit per cycle are sensitive to the parameter but ' ( the replenishment cycle length is insensitive to the parameter .
CONCLUSIONS
In recent years, companies have started to recognize that a tradeoff exists between product varieties in terms of quality, promotion of the product for running in the market smoothly. In the absence of a proper quantitative model to measure the effect of product quality and promotion of the product, these companies have mainly relied on qualitative judgment. The model tackles to investigate the effect of the wasting the percentage of on-hand inventory due to deterioration and the promotional effect cost for obtaining the optimum average payoff and the optimal values of the policy variables. The problem consists of the optimization of fuzzy EOQ model, taking into account the conflicting payoffs of the different decision makers involved in the process. A policy iteration algorithm is designed and optimum solution is obtained through LINGO 13.0 version software. In order to make the comparisons equitable a particular evaluation function based on promotion is suggested. This model postulates that measuring the behavior of production systems may be achievable by incorporating the idea of retailer promotional effort in making optimum decision on promotion and replenishment with units lost due to deterioration. Numerical experiment is carried out to analyze the magnitude of the approximation error. However, adding of both promotional effort and wasting the percentage of on-hand inventory due to deterioration in fuzzy model might lead to super gain for the retailer. Traditional inventory models have not considered the promotional effort cost and units lost of sales due to deterioration simultaneously in the fuzzy environment. In this model, a modified FEOQ model is introduced which investigates the promotional effort parameter and it assumes that a percentage of the on-hand inventory is wasted due to deterioration as a characteristic feature and the inventory conditions govern the item stocked. This model provides some useful properties for finding the optimal profit, promotional effort and ordering quantity with deteriorated units of lost sales. A new mathematical model is developed and numerical example is provided to illustrate the solution procedure. An efficient computational algorithm is constructed to find the optimal
